Abstract-In this article, an H ∞ filtering problem for continuous-time Takagi-Sugeno fuzzy systems with multiple time-varying delays in state variables is addressed. Based on Lyapunov-Krasovskii approach, a delay-dependent sufficient conditions is obtained. Unlike the existing results requiring the information on derivative of delay time, the condition we proposed is free from derivative information on delay time, which means a fastvarying delay time is allowed. Furthermore the condition is expressed as linear matrix inequalities (LMIs) form, therefore the set of H ∞ filter gains can be determined by LMI solvers. Lastly, an example is demonstrated using the proposed design methodology.
Introduction
Dynamic systems with time delays are commonly found in industry applications, and the time-delay phenomena often result in an unsatisfactory performance and is frequently a source of instability [1] - [5] . Therefore, more and more authors are interested in this topic due to the fact that delay systems are closer to reality in applications.
Basically, delay systems are divided into two categories; delay-dependent and delay-independent cases. It's well-known that the stability conditions based on delaydependent approach are generally less conservative than delay-independent ones, and thus delay-dependent conditions are more popular in the last few years. To the best of our knowledge, there are two basic methods dealing with the stability of delay systems. (a) Lyapunov-Razumikhin approach [6] , [7] , and (b) Lyapunov-Krasovskii approach [1] , [7] - [10] . Method (b) is a simply stability analysis techniques; that is, the performance considerations are not involved. Moreover, applying method (b) needs an additional information on derivative of delay time, i.e. d(t) < 1. In other words, those conditions only addresses slow-varying delay time which is limited since lots of engineering applications can not satisfy this condition.
In this paper, we study an H ∞ filtering problem for continuous-time Takagi-Sugeno fuzzy systems with multiple time delays in the state variable. Equipped with Lyapunov-Krasovskii approach and methodologies for designing a stable fuzzy H ∞ filters, the filtering error system is assured to be asymptotically stable for all w ∈ L 2 [0, ∞] and achieves prescribed performances. Via LMIs solvers, stable filter gains are acquired for the H ∞ filtering problems. It deserves to mention that the sufficient condition removes the restriction of derivative of delay time, which means fast-varying delay time is allowed.
The structure of this article is as follows. Section 2 sets up a continuous-time fuzzy systems with multiple timevarying delay and fuzzy filter. The H ∞ performance constraints are also introduced in this section. Via LyapunovKrasovskii method, a delay-dependent sufficient condition, expressed in terms of LMI and allowing fast-varying delay time, is obtained in Section 3. In Section 4, the validity of the proposed approach is illustrated by an example. Finally, this paper concludes with some concise notes in Section 5.
Notations: The notation used throughout the paper is as follows. The superscript denotes transpose of a matrix. Two symmetric matrices X, Y such that X > Y (respectively, X ≥ Y ) means that X − Y is positive definite (positive semidefinite). The indexes i, j = 1, 2, · · · , n are used throughout this paper. The notation is used to indicate terms that can be induced by symmetry. Moreover,
Problem Formulations
The fuzzy model proposed by Takagi-Sugeno is described by fuzzy IF-THEN rules, which represent local linear input-output relations of a nonlinear system. The following continuous-time local fuzzy dynamics with timevarying delays is assumed.
Plant Rule i:
where θ = (θ 1 , θ 2 , · · · , θ p ) are the premise variables. 
nw is a bounded exogenous signal, which stands for the external disturbance input and/or measurement noise. y ∈ R ny and z ∈ R nz are respectively the measured output and controlled output for H ∞ performance. d 1 (t) and d 2 (t) are the unknown but bounded time-varying delays satisfying
And φ(ϕ) is a given initial value function over ϕ ∈ −d, 0 . For simplicity only two delays d 1 and d 2 are considered; however, the results can easily be generalized to any finite number of delays.
Let µ i (θ(t)) be the normalized membership function of the inferred fuzzy set h i (θ(t)); i.e.
where
Associating with the plant rules, consider the following full-order inferred fuzzy filter
, is the normalized firing strength,
n f denotes the estimated state variables, x f (t) = 0, ∀t ≤ 0, and A fj , B fj and C fj are filter gain variables to be determined. Via defining a new state vectorx(t) = col {x(t), x f (t)} and estimated error vectorẑ(t) = z(t) − z f (t), we have the following filtering error dynamics.
The goal of this paper is to ensure filtering error system (5) being asymptotically stable and satisfyies H ∞ performance requirement. Here is an H ∞ performance criterion given below with a prescribed level of disturbance
under zero initial condition and w ∈ L 2 [0, ∞].
H ∞ Filtering for Delay Fuzzy Systems
With the problem formulation mentioned in previous section, we design an H ∞ fuzzy filter to well estimate the controlled outputẑ(t) of delay fuzzy system (3). Via Lyapunov-Krasovskii approach, we obtain a delaydependent sufficient condition which is expressed in terms of linear matrix inequalities. Note that the condition we proposed removes the limitation of derivative information on delay time, therefore the fast-varying delay time is allowed. To the end, using the factŝ
we rewrite (5) aṡ
Therefore we have the following H ∞ stability condition for filtering error delay fuzzy system (5).
Theorem 1: : Let n 2 , n 3 and λ be constant scalars and 0 < λ < 1. The retarded filtering error fuzzy system (5) is asymptotically stable with a prescribed disturbance attenuation level ρ > 0 if there exist matrices K 1 , K 2 , K 3 and symmetric matricesP > 0,Q > 0,R > 0, and S > 0 such that the following inequalities hold.
The filter gain variables can be determined via
where K 0 is invertible, δ = d−d, S has the same dimention with Υ 1ij which is stated at the top of page 4, and
∀r = 1, 2, 3 and letting n 1 = 1.
Proof:
Recalling (5)- (6), (8) and choosing the following Lyapunov candidate function
and the Hamilton-Jacoby-Issac condition beloẇ
yield
wherê
is a given constant scalar, and Υ 1 is stated in (24) at the top of page 4. Examining (23) again and introducing a slash variable S, we notice that
Thus it is obviously that (21)< 0 if
(26) After using upper bound notations, we can rewrite the above sufficient conditions as
when taking account of
Via Schur complement,
Therefore the sufficient conditions (9)- (11) can be obtained easily from (27)-(30) by extracting the firing strength µ i and defining new variables
Furthermore, we show that the H ∞ performance criterion (7) is also satisfied by integrating (21)< 0 from t = 0 to ∞ under zero initial condition.
Remark 1: : In oder to enlarge the region of solvability, different K 1 , K 2 and K 3 are considered in (9)- (11) . It is realized that the expression of above sufficient conditions will be simpler by assuming K 1 = K 2 = K 3 although two degrees of freedom are lost.
Remark 2: : For the sake of overcoming the difficulty on solvability due to fuzzy rules, applying the relaxed condition methods and LMI techniques addressed in [11] , [12] on (9)-(11) will be helpful.
Since an interval of delay time δ is known in (9)-(11), Theorem 1 falls into delay-dependent category. In fact, there are numbers of literature studying the stability/control/filtering problem of delay system (3) via Lyapunov-Krasovskii method. But all of them need an additional condition of varying rate of delay time; that isḋ q (t) < 1, (q = 1, 2). It means those existing results can only bear slow-varying delay time. However, Theorem 1 removes the restriction, which means fast-varying delay time is allowed.
Numerical Example
To illustrate the proposed results, we apply the H ∞ fuzzy filter design technique to an example. Similar to presentation addressed in [9] , a continuous stirred tank reactor (CSTR) system is borrowed in [1] where a statefeedback has been applied. Associated with (3), the system matrices are shown as follows. 
The membership functions are selected as where θ 1 (t) and θ 2 (t) are respectively replaced by x 1 (t) and x 2 (t) in plant rules and by x f 1 (t) and x f 2 (t) in filter rules.
Given the disturbance attenuation level ρ = 6.78. From Theorem 1, a set of filter gains for delay-dependent conditions is displayed as Also  Fig 3 and Fig 4 respectively show the responses of system states and estimated errorẑ(t). 
Conclusion
In this paper, an H ∞ filter design problem for a class of continuous-time retard T-S fuzzy systems is proposed. The delay fuzzy systems are assumed to be delayed in state variables, and the delay time is varying. Using LyapunovKrasovskii approach, we stated a delay-dependent sufficient conditions assuring the proposed filtering error fuzzy systems are H ∞ stabilizable via a filter. In fact, most works using Lyapunov-Krasovskii method need an additional information about derivative of delay time, which means they only accept slow-varying-delay systems. Therefore the proposed technique removes this restriction and is more suitable for engineering applications.
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